We present a quenched lattice calculation of the weak nucleon form factors: vector (FV (q 2 )), induced tensor (FT (q 2 )), axial-vector (FA(q 2 )) and induced pseudo-scalar (FP (q 2 )) form factors. Our simulations are performed on three different lattice sizes L 3 × T = 24 3 × 32, 16 3 × 32 and 12 3 × 32 with a lattice cutoff of a −1 ≈ 1.3 GeV and light quark masses down to about 1/4 the strange quark mass (mπ ≈ 390 MeV) using a combination of the DBW2 gauge action and domain wall fermions. The physical volume of our largest lattice is about (3.6 fm) 3 , where the finite volume effects on form factors become negligible and the lower momentum transfers (q 2 ≈ 0.1 GeV 2 ) are accessible. The q 2 -dependences of form factors in the low q 2 region are examined. It is found that the vector, induced tensor, axial-vector form factors are well described by the dipole form, while the induced pseudo-scalar form factor is consistent with pion-pole dominance. We obtain the ratio of axial to vector coupling gA/gV = FA(0)/FV (0) = 1.219(38) and the pseudo-scalar coupling gP = mµFP (0.88m 2 µ ) = 8.15(54), where the errors are statistical errors only. These values agree with experimental values from neutron β decay and muon capture on the proton. However, the root mean-squared radii of the vector, induced tensor and axial-vector underestimate the known experimental values by about 20 %. We also calculate the pseudo-scalar nucleon matrix element in order to verify the axial Ward-Takahashi identity in terms of the nucleon matrix elements, which may be called as the generalized Goldberger-Treiman relation.
I. INTRODUCTION
A comprehensive understanding of hadron structure, especially nucleon structure, based on quantum chromodynamics (QCD) is one of our ultimate goals in lattice QCD calculations. The latest lattice calculations of nucleon structure have been greatly developed with increasing accuracy [1] . So far, large efforts by lattice QCD simulations have been mostly devoted to studies of electro-magnetic structure of the nucleon and either unpolarized or polarized parton distributions in deep inelastic scattering [1, 2, 3, 4, 5] . However, there are only a few lattice studies to be completed for the weak nucleon form factors [6, 7] , which are associated with weak probes of nucleon structure. In this paper, we present results from our intensive study of the nucleon matrix elements of the weak current in quenched lattice QCD calculations with domain wall fermions (DWFs).
Experimentally, weak processes meditated by the weak charged current like neutron beta decay n → p + e − +ν e , muon capture on the proton µ − + p → ν µ + n or quasi-elastic neutrino scatteringν µ + p → µ + + n are mainly exploited for studying the weak nucleon form factors, while available information obtained from the experiment of the neutral current weak process such as semileptonic elastic scattering ν + p → ν + p is still limited. The weak current is known to be described by a linear combination of the vector and axial-vector currents. In general, four form factors appear in the nucleon matrix elements of the weak current. Here, for example, we consider the matrix element for neutron beta decay. In this case, the vector and axial-vector currents are given by V +γ α γ 5 F A (q 2 ) + iq α γ 5 F P (q 2 ) u n e iq·x ,
where q = P n − P p is the momentum transfer between the proton (p) and neutron (n). The vector (F V ) and induced tensor (F T ) form factors are introduced for the vector matrix element, and also the axial-vector (F A ) and induced pseudo-scalar (F P ) form factors for the axial-vector matrix element. The vector part of weak processes are related to the nucleon's electro-magnetic form factors, which are well measured up to large momentum transfer by electron scattering [8] , through an isospin rotation. Based on the conserved-vector-current hypothesis, the vector and induced tensor form factors are well understood by knowledge of the electro-magnetic structure of the nucleon.
In the axial-vector part of the weak process, the axial-vector coupling g A = F A (q 2 = 0) is most accurately measured by neutron beta decay, where the extremely small momentum transfer is accessible due to a very small mass difference of the neutron and proton. The q 2 -dependence of F A (q 2 ) can be determined by other processes such as quasi-elastic neutrino scattering experiments and charged pion electroproduction experiments. It has been observed that the dipole form is a good description for low and moderate momentum transfer, q 2 < 1 GeV 2 [9] . On the other hand, the induced pseudo-scalar form factor F P (q 2 ) is rather less known experimentally. The main source of information on F P (q 2 ) stems from muon capture. The induced pseudo-scalar coupling, g P = m µ F P (q 2 ) evaluated at q 2 = 0.88m 2 µ , where m µ is the muon mass, is measured by ordinary muon capture (OMC) or radiative muon capture (RMC). Although there is some discrepancy between the OMC result and the RMC result [9, 10] , the new precise OMC measurement by the MuCap collaboration, which is nearly independent of µ-molecular effect, yields g P = 7.3 ± 1.1 [11] . Only a few of the other q 2 data points on F P (q 2 ) are measured in the low q 2 region by a single experiment of pion electroproduction [12] . Theoretically, in the axial part of such weak processes at low energies, one may consider that spontaneous chiral symmetry breaking, which is induced by the strong interaction, plays an essential role. In other words, the axial structure of the nucleon would be highly connected with the physics of chiral symmetry and its spontaneous breaking, which ensures the presence of pseudo Nambu-Goldstone particles such as the pion. This is empirically known as the partially conserved axial-vector current (PCAC) hypothesis [8] , where the divergence of the axial-vector current is proportional to the pion field. Applying this idea to the axial-vector part of Eq.(1), there appears a specific relation between the residue of the pion-pole structure in F P (q 2 ) and the axial-vector coupling g A known as the Goldberger-Treiman relation [13] .
There was the long standing disagreement between experiment and lattice calculations about the axial-vector coupling g A . However, the RBC Collaboration finally resolved this puzzle using quenched DWF simulations [14, 15] . DWFs are expected to provide an implementation of lattice fermions with exact chiral symmetry [16, 17, 18] . In the limit where the fifth-dimensional extent L s is taken to infinity, DWFs preserve the axial Ward-Takahashi identity, even at a finite lattice spacing [18] . Although not sufficiently large L s loses the virtues of DWFs, the explicit chiral symmetry breaking with moderate sizes of L s can be attributed to a single universal "residual mass" parameter m res , acting as an additive quark mass in the axial Ward-Takahashi identity as ∂ α A a α ≈ 2(m f + m res )P a [19, 20] . A very small value of m res , which is typically smaller than 10% of the quark mass, is always achieved at a given L s around 10-20 with the help of improved gauge actions [20] . This fact greatly simplifies the nonperturbative determination of the renormalization of quark bilinear currents [21] . For a calculation of the axial-vector coupling g A , the chiral symmetry is very useful because the renormalization factors of local vector and local axial-vector current operators are equal, Z V = Z A [21] . This means that the ratio of the nucleon axial-vector and vector couplings, g A /g V , calculated on the lattice is not renormalized [15] . Therefore, in DWF simulations, the ambiguity in the renormalization of quark currents, which is present in other fermions such as Wilson-type fermions, is eliminated. In Ref. [15] , g A = 1.212 (27) in the chiral limit is obtained from quenched DWF simulations. It underestimates the experimental value of 1.2695 (29) [22] by less than 5%. It has also shown that there is a significant finite volume effect between the axial-vector couplings calculated on lattices with (1.2 fm) 3 and (2.4 fm) 3 volumes. This observation strongly indicates that the axial-vector coupling is particularly sensitive to finite volume effects. Subsequently, the LHPC Collaboration has evaluated the axial-vector coupling using domain wall valence fermions with improved staggered sea quark configurations with physical volume as large as (3.5 fm) 3 and obtained g A = 1.226(84) at the physical pion mass [23] . Its value again agrees with experiment within 5%.
In this paper, we naturally extend the quenched DWF calculation for exploring the axial structure of the nucleon, namely the axial-vector form factor and the induced pseudo-scalar form factor at low q 2 as well as the electro-magnetic structure of the nucleon. Especially, to evaluate the induced pseudo-scalar coupling g P is one of our main targets, since no intensive study has been done to determine this particular quantity in lattice QCD. Recall that the induced pseudoscalar form factor is assumed to be dominated by a pion pole, which give rises to very rapid q 2 -dependence at low q 2 . The larger physical volume, where the lower momentum transfers are accessible, is required. We therefore utilize (3.6 fm) 3 volume where the smallest momentum squared (q 2 ≈ 0.1 GeV 2 ) is smaller than measured pion mass squared (m 2 π > 0.15 GeV 2 ). We also re-examine the finite volume effect on the axial-vector coupling using three different volumes, which include (3.6 fm) 3 together with smaller ones (1.8 fm) 3 and (2.4 fm) 3 . Furthermore, we calculate the nucleon matrix element of the pseudo-scalar density p|ūγ 5 d|n to check the axial Ward-Takahashi identity in terms of the nucleon matrix elements, which may be called as the generalized Goldberger-Treiman relation [24] .
Our paper is organized as follows. In Section II, we first present a brief introduction of the weak nucleon form factors and the status of experimental studies. In Section III, details of our Monte Carlo simulations and some basic results are given. We also describes the lattice method for calculating the nucleon form factors. Section IV presents our results of the four weak form factors as well as the pseudo-scalar form factor on lattice with (3.6 fm) 3 volume. Especially, the q 2 -dependences of all measured form factors at low q 2 are discussed with great interest. At the end of this section, we discuss the consequence of the axial Ward-Takahashi identity among the axial-vector form factor, the induced pseudo-scalar form factor and the pseudo-scalar form factor. In Section V, we discuss the finite volume effects on the form factors using results from three different volumes. Meanwhile, we also check whether approximated forms of q 2 -dependence of form factors, which are observed at low q 2 , are still valid even in the relatively high q 2 region, up to at least q 2 ≈ 1.0 GeV 2 , apart from consideration of the finite volume effects. In Section VI, we compare our results with previous works. Finally, in Section VII, we summarize the present work and discuss future directions.
II. WEAK NUCLEON FORM FACTORS AND EXPERIMENTAL STATUS
In general, the nucleon matrix elements of the weak current are given by a linear combination of the vector and axial-vector matrix elements. Here, let us introduce the vector and axial-vector currents, which are expressed in terms of the isospin doublet of quark fields ψ = (u, d)
where t a are the SU (2) flavor matrices normalized to obey Tr(t a t b ) = δ ab . Then, the nucleon matrix elements are given by
where q ≡ P − P ′ is the momentum transfer between the initial (P ) state and the final state (P ′ ) and N represents the nucleon isospin doublet as N = (p, n)
T . Four form factors are needed to describe these matrix elements: the weak vector and induced tensor (weak magnetism) form factors for the vector current,
and the weak axial-vector and induced pseudo-scalar form factors for the axial-vector current [54]
which are here given in the Euclidean metric convention [55] . Thus, q 2 denoted in this paper, which stands for Euclidean four-momentum squared, corresponds to the time-like momentum squared as q
The weak matrix elements are related to the electro-magnetic matrix elements if the strange contribution is ignored under the exact iso-spin symmetry. A simple exercise in SU (2) Lie algebra leads to the following relation between the vector part of the weak matrix elements of neutron beta decay and the difference of proton and neutron electromagnetic matrix elements [8, 15] :
where
This relation gives a connection between the weak vector and induced tensor form factors and the iso-vector part of electro-magnetic nucleon form factors
2 ) denotes the iso-vector combination of the Dirac (Pauli) form factors of the proton and neutron, which are defined by
where M N denotes the nucleon mass, which is defined as the average of neutron and proton masses, and N represents p (proton) or n (neutron). Experimental data from elastic electron-nucleon scattering is usually presented in terms of the electric G E (q 2 ) and magnetic G M (q 2 ) Sachs form factors which are related to the Dirac and Pauli form factors [8, 26] 
A ) is a good description for low and moderate momentum transfer, q 2 < 1 GeV 2 . The resulting world average of the dipole mass parameter M A is quoted as M A = 1.026(21) GeV from neutrino scattering or M A = 1.069(16) GeV from pion electroproduction in Ref. [9] . As for a small discrepancy between two averages, it has been argued that within heavy-baryon chiral perturbation theory (HBChPT) the finite pion mass correction of −0.055 GeV to the latter value may resolve this discrepancy [9] . Therefore, one can translate the axial dipole mass into the axial rms radius of (r A ) 2 = 0.67(1) fm, which is consistently obtained from quasi-elastic neutrino scattering experiments and charged pion electroproduction experiments [9] .
On the other hand, the induced pseudo-scalar form factor F P (q 2 ) is less well-known experimentally [10] . The main source of information on F P (q 2 ) stems from ordinary muon capture (OMC) on the proton, µ − + p → ν µ + n. One measures the induced pseudo-scalar coupling g P = m µ F P (q 2 0 ) at the specific momentum transfer for the muon capture by the proton at rest as q 2 0 = 0.88m 2 µ . The induced pseudo-scalar coupling g P is also measured in radiative muon capture (RMC), µ − + p → γ + ν µ + n. Before 2006, the Saclay OMC experiment, which was the most recent OMC experiment at that time, reported (g OMC P ) Saclay,original = 8.7 ± 1.9 [28] . Combining with the older OMC experiments including bubble chamber measurements, the world average for OMC is obtained as (g OMC P ) old Ave = 8.79 ± 1.92, which is given in Refs. [9] and [28] . Surprisingly, this value is close to the theoretically predicted value by HBChPT, g ChPT P = 8.26 ± 0.16 [9] . However, the novel RMC experiment at TRIUMF [29, 30] is puzzling: their measured value of g RMC P = 12.4 ± 1.0 is quite higher than the theoretical value as is the OMC value as g
This disagreement is reduced by reanalysis with the updated µ + lifetime [10] . Then, the updated result of the Saclay OMC experiment yields (g OMC P ) Saclay,updated = 10.6 ± 2.7. Accordingly, the weighted world average for OMC, (g OMC P ) updated Ave. = 10.5±1.8 given in Ref. [10] , is shifted away from the theoretical expected value, while the updated average value is in agreement with the RMC result within its error. Indeed, there is a caveat that the ortho-para transition rate in µ-molecular Hydrogen, to which either OMC and RMC results are very sensitive, is poorly known due to mutually inconsistent results among two experiments [28, 31] and theory [32] . Comprehensive reviews of a history of g P have been given in Refs. [9] and [10] .
Recently, a new OMC experiment has been done by the MuCap Collaboration [11] . The MuCap result is nearly independent of µ-molecular effects in contrast with the previous OMC experiments and the RMC experiment. After the electro-weak radiative corrections, which were underestimated in the old literature, are correctly taken into account [33] , the new precise OMC measurement yields
Including the new MuCap result and taking into account the electro-weak radiative corrections, the new world average of the OMC results becomes (g OMC P ) newAve = 8.7 ± 1.0 [33] . As for other q 2 data of F P (q 2 ), only a few data points are measured in the low q 2 region by a single experiment of pion electroproduction at threshold [12] . These data are summarized in Table II . Three data points from pion electroproduction at threshold are well fitted by the pionpole dominance form,
, which is also consistent with the value determined by the new OMC result at q 2 = 0.88m 2 µ . Therefore, the pion-pole dominance is confirmed, more or less, through pion electroproduction [12] .
III. SIMULATION DETAILS
We work in the quenched approximation and use domain wall fermions (DWFs) to compute the nucleon matrix elements of the weak current. We generate ensembles of the quenched QCD configuration with the renormalization group improved, DBW2 (doubly blocked Wilson in two-dimensional parameter space) gauge action [36, 37] at β = 6/g 2 = 0.87 (a −1 ≈ 1.3 GeV), where the residual chiral symmetry breaking of domain wall fermions is significantly improved with a moderate size of the fifth-dimension L s such as L s = 16 [20] . Indeed, the residual quark mass for L s = 16 is measured as small as m res ∼ 5 × 10 −4 in lattice units [20] , which is safely negligible compared with the input quark masses in our simulations, 0.02 ≤ m f ≤ 0.08. We work with relatively coarse lattice spacing, a ≈ 0.15 fm [56], which is determined from the ρ meson mass [20] .
To study finite volume effects, numerical simulations are performed on three different lattice sizes
3 × 32 and 12 3 × 32. The spatial extents in our study correspond to La ≃ 3.6, 2.4 and 1.8 fm. Quark propagators are generated for four bare masses m f = 0.02, 0.04, 0.06 and 0.08 for L = 24 and three bare masses m f = 0.04, 0.06 and 0.08 for L = 16 and 12, using DWFs with L s = 16 and M 5 = 1.8. Details of our simulations are summarized in Table III. In Table IV , some basic physics results are compiled from Ref. [20] .
The pseudo-scalar meson (pion) masses computed in these calculations are summarized in Table V . All fitted values are obtained from the covariant single cosh fit. It is clear that there is no visible finite-volume effect on the pion mass. Measured values for L = 16 are in good agreement with the values found in Ref. [15] , where point-to-box quark propagators are used with the mostly same gauge ensembles, while the point-to-gauss-smeared quark propagators are utilized in the present study. Our simulated values of the pion mass range from 0.39 GeV to 0.76 GeV.
A. Nucleon spectra and Dispersion relation
In order to compute nucleon masses or matrix elements, we define the nucleon (proton) operator as
where abc and ud have usual meanings as color and flavor indices. C is the charge conjugation matrix defined as C = γ t γ y and the superscript T denotes transpose. The superscript S of the nucleon operator χ specifies the smearing for the quark propagators. In this study, we use two types of source: local source as φ(y i − x) = δ(y i − x) and Gaussian smeared source. Here we take y 1 = y 2 = y 3 = 0 in our calculation. As for the Gaussian smeared source, we apply the gauge-invariant Gaussian smearing [41, 42] with N = 30, ω = 4.35. Details of our choice of smearing parameters are described in Ref. [43] . We construct two types of the two-point function for the proton. One interpolating operator at the source location is constructed from Gaussian smeared quark fields, while the other interpolating operator at the sink location is either constructed from local quark fields (denoted LG) or Gaussian smeared ones (denoted GG):
with S = L or G. The projection operator P + = 1+γt 2
can eliminate contributions from the opposite-parity state for q 2 = 0 [44, 45] . It is rather expensive to make the Gaussian smeared interpolating operator projected onto a specific finite momentum at the source location (t src ). However, it is sufficient to project only the sink operator onto the desired momentum by virtue of momentum conservation. Thus, the quark fields at the source location are not projected onto any specific momentum in this calculation. For the momentum at the sink location (t sink ), we take all possible permutations of the three-momentum q including both positive and negative directions.
Nucleon masses and energies are computed by using the LG correlators with the five lowest momenta: (0, 0, 0), (1, 0, 0), (1, 1, 0), (1, 1, 1) and (2, 0, 0) in units of 2π/L. All fitted values, which are obtained from the conventional single exponential fit, for each volume are summarized in Table V . Next, we examine the dispersion relation of the nucleon state in our simulations. The purpose of this examination is two fold: 1) Our analysis should be restricted to the lower momenta that do not suffer from large O(a 2 ) errors.
2) The evaluation of the squared four-momentum transfer q 2 requires precise knowledge of the nucleon energies with finite momentum. The later point can be achieved by an estimation of the energy E(p) with the help of the dispersion relation and the measured nucleon rest mass M N that can be most precisely measured.
For 
in Fig. 1 with either the naive discrete (continuum-like) momentum p i = 2π L n i or the lattice discrete momentum
We observe that the measured energies E(p) are consistent with the estimated values from the relativistic dispersion formula for continuum-like momenta (dasheddotted curve) and lattice momenta (dashed curve) in the range of our admitted momentum except for the largest momentum on the lattice with L = 12 as shown in Fig. 1 . The difference between either choice of the discrete momentum is mostly comparable to the statistical errors, while differences increase at the larger momentum. To restrict ourselves to low q 2 region (q 2 < 1 GeV 2 ), we do not use the two largest momenta on the lattice with L = 12 for the proceeding analysis. Therefore, it is not a concern to choose what type of the discrete momentum in the dispersion relation in our current calculation. We simply choose the continuum-like momentum throughout this paper and then evaluate the values of the squared four-momentum transfer q 2 with the measured rest mass M N and the continuum dispersion relation (18) .
B. Three point correlation functions
As discussed in the previous section, under the exact iso-spin symmetry (m u = m d ), the SU (2) current algebra leads to the following relations [8, 15] 
p|A
Thus, we may calculate the weak transition matrix elements by the iso-vector proton matrix elements.
First of all, we define the finite-momentum three-point functions for the relevant components of either the local
) with the proton interpolating operator χ:
where the initial and final proton states carry fixed momenta p and p ′ respectively and then the current operator has a three-dimensional momentum transfer q = p − p ′ . Here, Dirac indices have been suppressed. The ellipsis denotes excited state contributions which can be ignored in the case of t ′ − t ≫ 1 and t ≫ 1. We separate the correlation function into two parts:
where O Γ α (q) corresponds to either Eq.(6) or Eq. (7), and the factor f (t, t ′ , E(p), E(p ′ )) which collects all the kinematical factors, normalization of states, and time dependence of the correlation function. The trace of G Γ α (p, p ′ ) with some appropriate projection operator P for specific combinations of Γ and α yields some linear combination of form factors in each Γ channel. On the other hand, all time dependences of the factor f (t, t ′ , E(p), E(p ′ )) can be eliminated by the appropriate ratio of three-and two-point functions [2, 3] 
which are calculated by the sequential source method described in Ref. [15] : In this study, we consider only the case at the rest frame of the final state (p ′ = 0), which leads to q = p. Therefore, the squared four-momentum transfer is given by q 2 = 2M N (E(q) − M N ). Nucleon energy E(q) is simply abbreviated as E, hereafter. In this kinematics, G Γ α (p, p ′ ) is represented by a simple notation as G Γ α (q). Then, the ratio (23) gives the asymptotic form as a function of the current-operator insertion time t,
in the limit when the Euclidean time separation between all operators is large, t sink ≫ t ≫ t src with fixed t src and t sink . We choose particular combinations of the projection operator P and the current operator J Γ α (Γ = V or A). We consider two types of the projection operator, P t = P + γ t and P z 5 = P + γ 5 γ z in this study. The latter projection operator implies that the z-direction is chosen as the polarized direction. We then obtain some linear combination of desired form factors from the projected correlation functions, 1 4 Tr
for the vector currents J V t and J V i (i = x, y, z). Similarly, we get
for the axial-vector current J A i (i = x, y, z). In this calculation, we use at most the four non-zero three-momentum transfer q = 2π L n (n 2 = 1, 2, 3, 4). All possible permutations of the lattice momentum including both positive and negative directions are properly taken into account. All three-point correlation functions are calculated with a source-sink separation of 10 in lattice units, which is the same in the previous DWF calculation of the axial-vector coupling g A [15] . For L = 24, we calculate three-point correlation functions with three different sequential sources generated with source-sink locations, [t src , t sink ] = [0, 10], [10, 20] , and [20, 30] In Fig. 2 , we plot the dimensionless projected correlators 
It is worth noting that in the axial-vector channel the z-direction is chosen as the polarized direction in this study. Therefore, the longitudinal momentum (q z ) dependence explicitly appears in Eq. (28) . This fact provides two kinematical constraints on determination of the three-point functions in our calculation. First, there are two types of kinematics, q z = 0 and q z = 0 in the longitudinal component (i = z) of Eq. (28), except for the case of n 2 = 3 where q z is always non-zero. Secondly, the transverse components (i = x or y) of Eq. (28) 
lattice . As mentioned previously, good chiral properties of DWFs ensure that the lattice renormalizations of the local currents are equal, Z V = Z A , up to terms of order O(a 2 ) in the chiral limit and neglecting explicit chiral symmetry breaking due to the moderate size of the fifth-dimensional extent L s [21] . In this paper, we evaluate Z V at each quark mass from the inverse of F V (0) that should be unity in the continuum under the exact SU (2) iso-spin symmetry and multiply four weak form factors by this renormalization factor Z V to estimate the renormalized form factors in the chiral limit. lattice and (g A ) lattice respectively. Our results of (g V ) lattice , (g A ) lattice and their ratio (
obtained in this calculation are summarized in Table VI , where old results for L = 8 and L = 16 calculated in Ref. [15] are also tabulated. In Fig. 4 , we show the ratios of the axial to the vector coupling (g A /g V ) lattice calculated for three different volumes as functions of pion mass squared. Clearly, the finite volume effect on (g A /g V ) lattice can be observed. The larger volume results exhibit milder quark mass dependence, while the smallest volume results show a slow downward tendency toward the chiral limit away from the experimental point. Therefore, for the largest volume results, we simply adopt a linear extrapolation with respect to the pion mass squared to take the chiral limit. We obtain the axial-vector coupling g lattice shows the significant spatial-size dependence, while we do not see any serious finite volume effect on the vector coupling (g V )
lattice . This indicates that the observed finite volume effect in Fig. 4 stems from that of (g A )
lattice . Clearly, it is observed that (g A ) lattice decreases monotonically with decreasing spatial size L. Therefore, we simply utilize the power-law formula to estimate the infinite volume limit of the axial-vector coupling as
with the power three (n = 3). Horizontal lines in figures represent the values in the infinite volume limit and their one standard deviations. The values obtained from the largest volume, (3.6 fm) 3 , are quite close to the values in the infinite volume limit. At a glance, the spatial size over 2.5 fm is large enough to accurately calculate the axial-vector coupling, at least within the range of our admitted quark mass.
We finally quote
where the second error is evaluated from a 2 % error stemming from Z V = Z A , which was observed previously [15] and the third error is estimated from a difference between the extrapolated value in the infinite volume limit and the largest volume result at m f = 0.04.
IV. RESULTS OF NUCLEON FORM FACTORS ON A (3.6 fm)
3 VOLUME
In this section, we focus on the results obtained from lattice size 24 3 × 32, which corresponds to physical volume, V ≈ (3.6fm) 3 . The lower momentum is admitted by the larger spatial extent L. Therefore, we can make the shorter extrapolation with respect to q 2 toward the forward limit, q 2 = 0, for nucleon form factors, F T (q 2 ) and F P (q 2 ), of which values at q 2 = 0 cannot be accessible directly due to the kinematical constraint as described before. We also discuss the finite size effect on the nucleon form factors, which may be sensitive to the nucleon "wave function" or the nucleon "size" squeezed due to the finite spatial extent of lattice volume. In the previous section, the spatial lattice-size dependence of the axial-vector coupling shows that spatial lattice size La ≈ 3.6 fm is large enough to avoid significant finite volume effect on g A .
A. Vector channel
In the case if spatial momentum transfer q is non-zero, all three-point correlation functions defined in Eqs. (26) and (27) are calculable. Two independent form factors F V (q 2 ) and F T (q 2 ) are obtained by
at finite q 2 .
Dirac form factor
First, we show quark mass dependence of the Dirac form factor F V (q 2 ). In Fig. 6 , we plot the normalized F V (q 2 ) by F V (0) as a function of four-momentum squared q 2 . Different symbols represent the values obtained from different quark masses m f . There is no large m f -dependence, while it seems that the smaller quark mass makes the q 2 -dependence steeper. The Dirac form factor is supposed to be the dipole form at low q 2 :
where M V denotes the dipole mass. A dashed curve in Fig. 6 corresponds to the dipole form with the empirical value of the dipole mass M V = 0.857(8) GeV, which is evaluated from the electric charge and magnetization radii of the proton and neutron as described in Appendix A. In order to see how our measured F V (q 2 ) has an expected dipole form, we define the following quantity only at nonzero momentum:
which should provide q 2 independent plateau if the q 2 -dependence of F V (q 2 ) ensures the dipole form. We call this quantity the effective dipole mass hereafter. In Fig. 7 , we show the effective dipole-mass plot for the Dirac form factor at m f = 0.02 as a typical example. Horizontal solid and dashed lines represent the fitted dipole mass obtained from a correlated fit to F V (q 2 ) using the dipole form (37) and its one standard deviation. The dotted lines shows the empirical dipole mass, M V = 0.857(8) GeV. Clearly, there is no appreciable q 2 -dependence of the effective dipole mass within statistical errors. Even at the highest q 2 ≈ 0.44 GeV 2 , the fitted dipole mass agrees with the value of the effective dipole mass. Therefore, we conclude that the dipole form describes well the q 2 -dependence of our measured Dirac form factor F V (q 2 ). This observation is consistent with previous studies [2, 4] . Fig. 8 shows the quark-mass dependence of the fitted dipole mass. As seen from this figure, the quark-mass dependence is rather mild and then there is no appreciable curvature as a function of the pion mass squared. Therefore, we simply adopt a linear extrapolation with respect to the pion mass squared to evaluate the value of the dipole mass of F V (q 2 ) in the chiral limit. Diamond symbols in Fig. 8 are extrapolated values for the chiral limit (m π = 0) and the physical point (m π = 0.14 GeV) and the solid line represents the fitted line. Our measured dipole masses of the Dirac form factor are much larger than the experimental value. Here we recall that the root mean-squared (rms) radii can be determined with the corresponding dipole mass as r 2 V = √ 12/M V . The larger dipole mass M V means that the spatial size of the nucleon in our simulations is smaller than the physical one. This may be attributed to the missing large "pion-cloud" contribution since it is well known that the mean-squared radius r 2 V receives a large pion loop correction, which leads to a logarithmic divergence in the chiral limit in heavy baryon chiral perturbation theory [46] . Indeed, the present calculation is still far from the chiral regime: our smallest pion mass is around 0.39 GeV which is comparable to the lightest pion mass in the most recent lattice study of nucleon electro-magnetic form factors [4] . Although the expected chiral behavior is not guaranteed in the quenched approximation, in the present study the estimation of systematic errors stemming from quenching and a long chiral extrapolation is beyond the scope of this paper. Rather we would like to see how large volume can be fitted for studying the structure of the nucleon, namely, the nucleon form factors without significant finite volume effect. Studies of the finite size effect on the nucleon form factors using results obtained from three different lattice sizes will be presented in the next section. In Fig. 9 , we show the Pauli form factor
as a function of four-momentum squared q 2 . The form factor plotted here is scaled by the renormalization factor Z V = 1/F V (0) to get the renormalized one,
. In contrast with Fig. 6 , large m f -dependence is observed. As well as the Dirac form factor, the Pauli form factor is phenomenologically supposed to be the dipole form at low q 2 :
where the value of F ren 2 (q 2 ) at q 2 = 0 is associated with the difference of the proton and neutron magnetic moments, µ p − µ n = 1 + F ren 2 (0). This dipole form is commonly adopted as a fitting form of the q 2 extrapolation to evaluate F ren 2 (0) in published works [2, 4] . We also plot the dipole form with the empirical value of the Pauli dipole mass M T = 0.778(23) GeV and the experimental values of µ p and µ n in the same figure. Our results of F ren 2 (q 2 ) gradually approach this dipole form as m f decreases. Indeed, data points for m f = 0.02 in the range of our calculated q 2 follow the experimental curve within the statistical error. However, if we apply the dipole form to the data, our obtained values of F ren 2 (0) from dipole fits are somewhat underestimated in comparison with the experimental value µ p − µ n − 1 = 3.70589 as shown in Fig. 10 .
In contrast to the Dirac form factor, we cannot try the effective dipole mass plot for a justification of the applied dipole form, since we do not have data of F ren 2 (0) without the q 2 extrapolation. Instead, we consider an independent observation for the difference of µ p and µ n , which can be derived from the forward limit of the ratio of the magnetic form factor G M (q 2 ) and the electric form factor G E (q 2 ). The ratio is calculated by a different combination of Λ
Experimentally, it is known that this ratio shows no q 2 -dependence at low q 2 since both form factors are well fitted by the dipole form with the comparable dipole masses [8, 26] . Therefore, this ratio may yield the constant value identified to µ p − µ n = G ren M (0). Indeed, in our calculation, the proposed ratio (40) exhibits no appreciable q 2 -dependence in the range of our calculated q 2 . We may use a simple linear fitting form with respect to four-momentum squared q 2 for an alternative evaluation of the value µ p − µ n . Fig. 10 shows that two determinations to evaluate µ p − µ n − 1 are consistent with each other.
In Fig. 11 , we plot values of µ p − µ n , which are evaluated by two determinations, 1 + F ren 2 (0) and
, as a function of pion mass squared m 2 π . As described above, both determinations fairly agree with each other. Although the values measured at two heaviest points are consistent with the experimental one, a strong m 2 π dependence appears near the chiral limit and then the extrapolated value tends to somewhat underestimate the experimental data. Here, we simply adopt a linear fit with respect to m 2 π regardless of the fact that a slight downward curvature is observed in Fig. 11 .
We also extrapolate the Pauli dipole mass M T to the chiral limit in Fig. 12 . Again, we use a simple linear fitting form for the chiral extrapolation. The value obtained at the physical point is about a 20% overestimation in comparison with the experimental one, the same as in the case of the Dirac dipole mass. This indicates that corresponding rms radii are somewhat smaller than the actual nucleon size. Finally, all fitted results with the dipole form for both form factors and their extrapolated values to the chiral limit are summarized in Table VII .
B. Axial-vector channel
In the axial-vector channel, two independent form factors F A (q 2 ) and F P (q 2 ) can be evaluated separately by
at finite q 2 . It should be reminded that Λ A L (q z = 0) at n 2 = 3 and Λ A T at n 2 = 1, 4 are not obtained directly from corresponding three-point functions due to the kinematics as described in the previous section. However, instead, we can evaluate them by using a relation
where Λ A L (q z = 0) are always calculable at finite q 2 .
1. Axial-vector form factor FA(q 2 ) Fig. 13 shows quark mass dependence of the axial-vector form factor F A (q 2 ). The vertical axis is normalized by F A (0) and the horizontal axis denotes the four-momentum squared q 2 in physical units. Different symbols represent the values obtained from different quark mass m f . The axial-vector form factor is phenomenologically fitted with the dipole form, at least at low q 2 , as well as the Dirac and Pauli form factors [9] :
where M A denotes the axial dipole mass. A dashed curve in Fig. 13 shows the dipole form with an experimental value of the axial dipole mass M A = 1.026(21) GeV [9] . There is a similarity here in comparison with Fig. 6 . No large m f -dependence is observed. Even at the smallest quark mass m f = 0.02, where the corresponding pion mass is less than 400 MeV, our observed F A (q 2 ) is far from the experimental curve. Indeed, the axial-vector form factor F A (q 2 ) is flatter than the experimental one, similar to what we observe in F V (q 2 ) and
. This again indicates that the nucleon size in coordinate space shrinks away. The similar observation is reported in Ref. [7] .
Next, to see how the dipole form is fitted to our measured F A (q 2 ), we show the effective dipole mass plot, which was defined similarly to Eq. (38) . Fig. 14 is plotted for m f = 0.02 as a typical example. We also include the fitted M A , which is obtained from a correlated fit to F A (q 2 ) using the dipole form (44), with its one standard deviation as solid and dashed horizontal lines. All momentum points except the third one, which deviates from the fitted value by about 2σ, are located within the horizontal lines. Here, we remark that the third momentum point of F A (q 2 ) at m f = 0.02 in Fig. 13 is slightly dropped from the values measured at other quark masses. We then stress that the case of m f = 0.02 is the worst example. Indeed, it is found that the effective dipole mass plot for heavier m f are quite consistent with the fitted values in all q 2 range that we measured. From this observation, we conclude that the q 2 -dependence of our measured F A (q 2 ) can be well described by the dipole form (44) in the range of our utilized q 2 , (q 2 ≤ 0.44 GeV 2 ). This is quite consistent with the phenomenological knowledge on the q 2 -dependence of F A (q 2 ). We show the quark-mass dependence of the fitted axial dipole mass as a function of the pion mass squared in Fig. 15 . All measured values are listed in Table VIII . We find that the quark-mass dependence is somewhat milder than the dipole masses for the Dirac and Pauli form factors. Clearly, there is no appreciable curvature as a function of the pion mass squared. As before, we simply adopt a linear extrapolation for the axial dipole mass M A toward the chiral limit. The extrapolated values (diamond symbols) overestimate the experimental one marked by the asterisk in Fig. 15 .
As pointed out before, our observed "size" of the nucleon in coordinate space is much smaller than the experimental one. We will see that there is no significant finite volume effect, which may cause the "size" of the nucleon to be squeezed on the lattice with (3.6 fm) 3 volume. Thus, this observed "squeezing", which is evident from the broadening of the form factors, may be attributed to the missing contribution of the "pion-cloud" surrounding the nucleon outside of the chiral regime. Interestingly, however, the ratio of the axial dipole mass to the Dirac dipole mass is in very good agreement with the experiment. In Fig 16, we show the ratio M A /M V together with the ratio M T /M V as a function of the pion mass squared. The quark mass dependence of both ratios is found to be very mild in our observed range of m First, we show the quark-mass dependence of the induced pseudo-scalar form factor F P (q 2 ) in Fig. 17 . In contrast to the axial-vector form factor F A (q 2 ), significant m f -dependence is observed especially in the lower q 2 region (q 2 < 0.3 GeV 2 ). This might be associated with the pion-pole contribution to F P (q 2 ), which is expected theoretically. Indeed, the partially conserved axial-vector current (PCAC) hypothesis and pion-pole dominance (PPD) predict that the induced pseudo-scalar form factor approximately behaves like
which becomes exact in the chiral limit where the pion is massless (m π = 0) [8, 35] . The single pion electroproduction experiment also supports the PPD form [12] . Here, to see how the pion-pole behavior is preserved in F P (q 2 ) measured in the quenched calculation, we consider the following ratio
which is inspired by the above PCAC prediction. If the measured F P (q 2 ) has exactly the same form described in Eq.(45), the ratio α PPD yields the value of unity in the entire q 2 region. In Fig. 18 , we plot the above defined ratio α PPD as a function of four-momentum squared q 2 . This figure shows two important features. The significant quark-mass dependence observed in Fig. 17 almost disappears as expected. Furthermore, there is no appreciable q 2 -dependence in α PPD . Clearly, four different q 2 points of α PPD reveal q 2 independent plateau within the statistical errors. We simply take the weighted average of α PPD within four measured q 2 points, then plot them against the pion mass squared. As shown in Fig. 19 , the average values of α PPD gradually approach unity as the pion mass decreases. However, a simple linear extrapolation of α PPD yields a value slightly smaller than 1 even in the chiral limit. As a result, measured F ren P (q 2 ) is quit well described by the PPD form with a multiplicative (quenching) factor α PPD < 1.
The validity of the PPD form is also tested by the other analysis. Following the analysis done in the previous study of the q 2 -dependence of F P (q 2 ) [7] , we apply the monopole fit to the ratio F P (q 2 )/F A (q 2 ). The satisfactory consistency between the fitted monopole mass and the measured pion mass is observed in our DWF calculation [58], while both quenched and unquenched Wilson simulations fail to exhibit the correct pion-pole structure of F P (q 2 ) [7] . Next, we evaluate the induced pseudo-scalar coupling, which is defined by (g P )
where m µ is the muon rest mass and
. The specific momentum transfer for muon capture (q 2 = 0.88m 2 µ ) is still far from our lowest momentum transfer (q 2 ≈ 0.1 GeV 2 ) so that the determination of (g P ) ren requires the q 2 extrapolation of F ren P (q 2 ). We have already learned that the q 2 -dependence of measured F ren P (q 2 ) is well described by the PPD-like form (47) in the low q 2 region. Therefore, the induced pseudo-scalar coupling can be evaluated by
where (48) is simply replaced by its physical value in order to subtract the dominant source of the large m f -dependence. In Fig. 20 , we plot the resulting value of (g P ) ren (square symbols) as a function of the pion mass squared. All measured values are listed in Table VIII . Although there still remains the explicit dependence of the quark mass, the simple linear extrapolation yields (g P ) ren = 8.15 ± 0.54 at the physical point (m π = 0.14 GeV).
Here, the observed m f -dependence stems from that of measured M N , since both α PPD and F ren A (q 2 ) have a very mild quark mass dependence. To diminish the explicit m f -dependence, we may evaluate the dimensionless prefactor in Eq. (48) with the experimental values of m µ = 105.7 MeV, m π = 139.6 MeV and M N = 938.9 MeV instead of using measured values. We then obtain a more simple form as (g P ) ren = 6.77
, which is similar to the known phenomenological form for g P beside the quenching factor α PPD [10] . Indeed, evaluated values using this simple formula have no appreciable m f dependence as shown in Fig. 20 . After the linear extrapolation, we obtained (g P ) ren = 7.31 ± 0.39 at the physical point. Two determinations provide consistent results within their statistical errors. Of course, the latter determination is rather phenomenological, then we prefer to quote the former value for our final result. We finally quote
where the second error is an estimate of a 2% error stemming from Z V = Z A , the same as in the axial-vector coupling g A . This value is to be compared with the most recent experimental value g exp P = 7.3 ± 1.1 from the MuCap experiment [11] , where the obtained value of g exp P is nearly independent of µ-molecular effects. We also quote the prediction of chiral perturbation theory, g Phenomenologically, the residue of the pion pole in the induced pseudo-scalar form factor is related to the pionnucleon coupling g πN N [35] . The induced pseudo-scalar form factor should be expressed as
near the pion pole (q 2 ≈ −m 2 π ) [8, 35] with the renormalized pion decay constant F π , which is defined as
. This parameterization provides a way to evaluate the pion-nucleon coupling g πN N from the measured induced pseudo-scalar form factor as follows:
where the second equality follows from our observed form (47) C. Pseudo-scalar channel
In this study, we also calculate the pseudo-scalar nucleon matrix element
which is associated with the axial-vector matrix element through the axial Ward-Takahashi identity. Here, P a (x) is a local pseudo-scalar density, P a (x) ≡ψ(x)γ 5 t a ψ(x). The pseudo-scalar matrix element can be described only by a single form factor, which is called the pseudo-scalar form factor G P (q 2 ):
To extract the form factor, therefore, we simply calculate the following trace of G P (q), which represents the spinor structure of the corresponding three-point function, with the projection operator P
where the definition of G P (q) is given by Eqs. (21) and (22) with the local current J
. It is apparent that non-zero three-momentum q = 0 is required to access the pseudo-scalar form factor. In other words, G P (q 2 ) in the vicinity of q 2 = 0 cannot be evaluated without q 2 extrapolation. In Fig. 21 , we show the m f -dependence of the pseudo-scalar form factor G P (q 2 ). Significant m f -dependence is observed in the lower q 2 region, similar to the induced pseudo-scalar form factor F P (q 2 ). We will discuss the q 2 -dependence on G P (q 2 ) from the viewpoint of pion-pole dominance later.
Test for the axial Ward-Takahashi identity
First, we address the question whether our domain wall fermion (DWF) calculations of nucleon form factors satisfy the axial Ward-Takahashi identity. A similar study has been recently done with the Wilson fermions in both quenched and unquenched simulations [7] .
In the limit where the fifth-dimensional extent L s is taken to infinity, domain wall fermions preserve the axial Ward-Takahashi identity at nonzero lattice spacing [18] . The axial Ward-Takahashi identity for the DWF with SU (2) iso-spin symmetry is
where A a µ is the partially-conserved axial-vector current, which is point split and requires sums over the extra fifth dimension of the DWF, J a 5 is a usual bilinear pseudo-scalar density corresponding to P a , and J a 5q is a similar pseudoscalar density defined at the midpoint of the fifth dimension. The "midpoint" term J a 5q is responsible for the explicit chiral symmetry breaking due to the finiteness of the fifth-dimension [18] . With moderate L s , this effect can be described by the so-called residual mass term m res . Then, Eq.(57) can be approximately represented by
This residual mass m res is determined by 0|J a 5q |π / 0|J a 5 |π . The value of m res is known to be small in this calculation. (See Table IV.) For a practical reason, we did not use the conserved axial-vector current for evaluating the nucleon axial matrix element in this study. Instead, we use the local axial-vector current A a µ =ψγ µ γ 5 t a ψ, which may be related to the conserved axial-vector current as
. It is worth mentioning that Z V = Z A is satisfied up to small discretization errors of O(a 2 ) in the chiral limit [15] . We also did not measure the nucleon matrix element of J a 5q , therefore we cannot fully check the axial Ward-Takahashi identity (AWT) in terms of the nucleon matrix element in this paper. Instead, we test the following ratio, which may have no apparent q 2 -dependence.
This ratio (59) is associated with the following identity [60]:
where m AWT ≡ α AWT m f , which is expected to be comparable to m f + m res up to terms of order O(a 2 , m f a 2 ). As shown in Fig.22 , indeed, there is no appreciable q 2 -dependence in the ratio α AWT for each m f . Four different q 2 points of α AWT reveal a q 2 -independent plateau within the statistical errors. We evaluate the weighted average of α AWT by using all four measured q 2 points. The obtained values of α AWT are tabulated in Table X Fig. 24 . The mild m f -dependence allows us to take a linear extrapolation for m shift to the chiral limit. At m f = 0, we obtain m shift = 0.0073 (12) , which is about one order of magnitude larger than m res = 5.69(26) × 10 −4 [20] contrary to our naive expectation. A few % level O(a 2 ) correction, which is observed in the difference between Z V and Z A cannot account for this discrepancy. To resolve it, it is necessary to calculate the relative amplitude of N |J a 5q |N to the usual pseudo-scalar matrix element N |J a 5 |N directly. We plan to study N |J a 5q |N as well as N |A a α |N with the conserved axial-vector current A α in our extended work [48] .
Test for the pion-pole dominance on GP (q 2 )
According to the pion-pole dominance of F P (q 2 ), we may expect that the pion-pole dominance holds even in G P (q 2 ). As described in Appendix B, a naive pion-pole dominance hypothesis predicts the ratio of the pseudo-scalar form factor and induced pseudo-scalar form factor, will not depend on q 2 at low q 2 but will exhibit a constant value, related to the low energy constant B 0 . Indeed, this is not the case. In Fig. 25 , we show the ratio of our measured G P (q 2 ) and F P (q 2 ) as a function of momentum squared q 2 . There is a linear-like q 2 dependence, which strengthens as the quark mass decreases. However, as we will describe below, we confirm that the pion-pole dominance on G P (q 2 ) still remains valid in our calculation.
What we have observed in the previous subsection can be interpreted as a consequence of the axial Ward-Takahashi identity among three nucleon form factors:
Combined with this relation and the important observation of pion-pole dominance in F P (q 2 ) (Eq. (47)), one may expect that the q 2 -dependence of G P (q 2 ) is mostly described by the pion-pole dominance form with a slight modification, which corresponds to an extra q 2 -dependence caused by the fact that α PPD = 1:
where the naive pion-pole dominance form [49] is defined as
This residual q 2 -dependence due to α PPD = 1 is supposed to be responsible for the q 2 -dependence in the ratio of our measured G P (q 2 ) and F ren P (q 2 )
It is clear that the residual q 2 -dependence becomes large as m 2 π goes to zero. This feature is in agreement with what we observe in Fig.25 . If we multiply the ratio by the corresponding factor ∆ PPD (q 2 ), which is evaluated with measured α PPD and m π , the linear-like q 2 -dependence indeed disappears as indicated in Fig.26 . Four different q 2 points of this ratio reveal q 2 independent plateau within their statistical errors. We then can evaluate the weighted average by using all four measured q 2 points to obtain the value of G P (q 2 )/F ren P (q 2 ) in the limit of q 2 → 0, which corresponds to m 2 π /(2m AWT α PPD ). Although G P (0)/F ren P (0) is associated with the bare value of the low-energy constant B 0 in the pion-pole dominance model as discussed in Appendix B, this prediction is slightly modified as lim
where the low-energy constant B 0 is defined by the relation m Fig. 27 . This observation may raise a question whether the single universal "residual mass" parameter exists. However, what we observe here is very sensitive to the correct chiral behavior of the nucleon matrix elements. The quenched approximation may provide unknown quenching effects in nucleon matrix elements near the chiral limit. In this sense, dynamical simulations are much preferable to investigate it further.
V. FINITE VOLUME EFFECT ON NUCLEON FORM FACTORS
As we discussed in Sec. III C, we have found a significant finite volume effect on the axial-vector coupling g A , while there is no appreciable effect on the vector-coupling g V . In this section, we test for finite volume effects on all of the five nucleon form factors computed in this study. Unlike those couplings g V and g A , which are defined at q 2 = 0, it is hard to compare values of the form factor at non-zero q 2 among different spatial sizes L. This is simply because non-zero q 2 values are discrete in units of (2π/L) 2 . In this study, however, our largest spatial size (L = 24) is twice as large as the smallest one (L = 12). The q 2 value for q = Qualitative features are quite similar to the case of the vector form factor. In the case of the heavier quark mass (m f = 0.08), all data points follow the solid curve fairly well, which is the dipole form fitted to the data of the largest volume (L = 24). On the other hand, at lighter quark mass (m f = 0.04), the data points obtained from the smallest lattice volume (L = 12) slightly overestimate the solid curve. Again, the value for L = 12 at q 2 ≈ 0.44 GeV 2 is not significantly away from the value for L = 24 in the statistical sense.
Next, let us examine two form factors in the axial-vector channel, where the axial-vector coupling g A significantly suffers from the finite volume effect. In Fig. 30 , the axial-vector form factor F A (q 2 )/F A (0) for three spatial sizes is shown. Gross features are mostly similar to both the vector form factor and the induced tensor form factor. At the heavier quark mass, it is observed that all data points follow the solid curve fitted to data of the largest volume with the dipole form (44) . Although two values at q 2 ≈ 0.44 GeV 2 obtained from both largest and smallest volumes agree each other within statistical errors, the finite volume effect seems to be non-negligible in the lighter quark mass region. On the other hand, the finite volume effects do not show up in the induced pseudo-scalar form factor except for the lowest q 2 value for L = 16, as indicated in Fig. 31 . The solid curves are obtained by fitting data of the largest volume with the PPD-like form (47) , where the pion-pole structure is essential at low q 2 . At this moment, we do not have any explanation why the lowest q 2 data for L = 16 deviates from the solid curve. We also show the form factor in the pseudo-scalar channel, namely G P (q 2 ), for three lattice sizes in Fig. 32 . At either quark mass m f = 0.04 or 0.08, all data points agree well with the solid curves fitted to data of the largest volume by the modified PPD form (63). All data that appear in Fig. 28-32 are tabulated in Tables XI-XIII. Although we may observe the common tendency that the three form factors F V (q 2 ), F T (q 2 ) and F A (q 2 ) become flatter as a function of q 2 in the smallest volume (L = 12), we do not make a definite conclusion through this study. Rather we can say that the finite volume effects on the values of any form factor at finite q 2 are less appreciable than our expectation raised by the fact that the axial-vector coupling significantly suffers from the finite volume effect. Indeed, we could attempt the direct comparison between results for two lattice sizes only at q 2 ≈ 0.44 GeV 2 , which is a relatively high value. Therefore, we deduce that the finite volume effects are not so serious in the high q 2 region. Finally, it is worth mentioning that we confirm that our observed forms for the five form factors well describe the q 2 -dependence of those form factors even in the relatively high q 2 region, up to at least q 2 ≈ 1.0 GeV 2 , apart from consideration of finite volume effects.
VI. COMPARISON WITH PREVIOUS RESULTS
As we discussed in Sec. IV, the larger spatial volume enables us to perform the shorter q 2 -extrapolation to extract fundamental information on the nucleon structure, e.g. the magnetic moment, the charge radius and the induced pseudo-scalar coupling from respective form factors without large systematic uncertainties. However, some of previous studies are performed on relatively small volumes, where the longer q 2 -extrapolation is inevitable. In this context, our lattice setup is superior to previous studies. (See Table XIV for a summary of previous calculations [2, 4, 5, 7] .) A large volume simulation, which is comparable to our lattice volume, (3.6 fm) 3 , has been done by the LHPC Collaboration with the mixed action simulation using DWF valence quarks on the asqtad-improved gauge configurations with fourth-rooted staggered sea quarks. The quenching effect in our simulations could be observed through a comparison with the mixed action results. However, there is no detailed analysis of the usual form factors in Ref [5] . Instead, we can access their raw data of four nucleon form factors from their tables. We simply compare our measured form factors at the lightest quark mass (m π =0.39 GeV) with their results with the lightest pion mass of 0.35 GeV and the largest volume of (3.5 fm) 3 in Fig. 33 . Surprisingly, all figures for four form factors show good consistency between our quenched results and the LHPC mixed action results within statistical errors, at least, in the low q 2 region. This indicates that (un)quenching effects on these form factors are still small for m π > ∼ 0.35 GeV. However, this conclusion is rather premature since the mixed action simulation is not a fully dynamical simulation, rather a partially quenched simulation [51] . We must wait for fully dynamical DWF simulation to make a firm conclusion. The RBC and UKQCD Collaborations have begun 2+1 flavor DWF calculations with large physical volume [52, 53] . We will do such a comparison in a future publication.
Finally, it is worth comparing our DWF results with the results obtained using Wilson fermions. In Table XV , our results of the axial-vector coupling g A and the rms radii of the iso-vector Dirac and Pauli form factors, the iso-vector nucleon magnetic moment µ p − µ n , the axial dipole mass, the induced pseudo-scalar coupling g P and the pion-nucleon coupling g πN N in the chiral limit are compared with previous quenched Wilson results from Refs. [4] and [7] . Their lightest pion mass of 0.41 GeV and physical volume of (2.9 fm) 3 are relatively similar to our lattice set up. One finds that the rms radii and the axial dipole mass are quite consistent with each other, while the better agreement with the experiment for the axial-vector coupling and the iso-vector nucleon magnetic moment appear in our quenched DWF results. Note that although the induced pseudo-scalar form factor F P (q 2 ) was calculated in Ref. [7] , the value of the induced pseudo-scalar coupling g P was not evaluated there.
Let us estimate g P from their fit parameters given in Table III of Ref. [7] as follows. First we read off α PPD from their parameters obtained by the monopole fit c 0 /(1+q 2 /Λ 2 ) to the ratio of 2M N F P (q 2 )/F A (q 2 ). The authors reported that the monopole mass Λ is larger than their measured pion mass, while the value of c 0 is smaller than 4M 2 N /m 2 π evaluated by the measured pion and nucleon masses. Therefore, their α PPD may have appreciable q 2 -dependence, which is given by ( 
. On the other hand, the value of α PPD at q 2 = 0 can be given by c 0 m
, which is ranged from 0.68 to 0.62 when the pion mass vary from 0.56 GeV to 0.41 GeV. There is the descending tendency with the decrease of the pion mass. A simple linear extrapolation with respect to the pion mass squared leads to a value in the chiral limit less than 0.6, that is significantly deviated from unity. Thus, one may easily deduce that their g P should be much smaller than our observed g P since their corresponding α PPD and measured F A (0), both of which are main ingredients in Eq. (48), are about 40% and 20% smaller than our DWF values respectively. Indeed, our quoted g P of the quenched Wilson results in Table XV , which is determined with the value of α PPD evaluated at q 2 = 0.88m 2 µ , is almost a half of our quenched DWF value. This discrepancy is attributed to the fact that the Wilson fermions do not yield the correct pion-pole structure of F P (q 2 ) [7] , while the PPD form provides a good description of the q 2 -dependence of F P (q 2 ) at low q 2 in our DWF calculation.
VII. CONCLUSION
In this paper, we have studied the weak nucleon form factors at low q 2 in quenched lattice QCD. We have used domain wall fermions in a very large physical volume (3.6 fm)
3 . There are two reasons for requiring such large volume. As shown in the early calculation of the axial-vector coupling g A [15] , the nucleon matrix element may suffer significantly large finite volume effects. However, we really did not know whether the spatial volume (2.4 fm) 3 , that was utilized in Ref. [15] , was large enough for the nucleon. Secondly, the large spatial extent provides the capability to access lower non-zero momentum transfer. For the spatial volume (3.6 fm) 3 , the smallest value of non-zero q 2 is about 0.1 GeV 2 . We first demonstrated that the finite volume effect on the axial-vector coupling g A is well described by the powerlaw behavior, while the vector coupling g V has no appreciable finite volume effect. However, it is found that a serious finite volume effect on the axial-vector coupling g A is not seen in the range of the spatial lattice size from 2.4 fm to 3.6 fm. Finally, we obtain the ratio of the axial-vector to the vector coupling (g A /g V ) ren = 1.219 ± 0.038(stat) ± 0.024(norm) ± 0.002(vol) at the physical point from the largest volume (3.6 fm) 3 , which agrees with our early estimate from the volume (2.4 fm) 3 [15] and underestimates the experimental value of 1.2695 (29) by less than 5%. Using the largest volume (3.6 fm) 3 , we studied four of the weak nucleon form factors and also the pseudo-scalar form factor. The q 2 -dependences of all measured form factors at low q 2 are discussed with great interest [62] . It is observed that the vector (F V ), induced tensor (F T ) and the axial-vector (F A ) form factors are well described by the dipole form as
. Each measured dipole mass overestimates the corresponding experimental value by about 20 %. This fact indicates that corresponding rms radii are somewhat smaller than the actual nucleon size. However, interestingly, the ratios of dipole masses, M A /M V = 1.285 ± 0.073 and M T /M V = 0.869 ± 0.057 are fairly consistent with respective experimental ones. We also calculated the difference of the proton and neutron magnetic moments, µ p − µ n = 4.13 ± 0.23, from the value of F T (q 2 ) at q 2 = 0. Our obtained value is about 14% smaller than experimental value of 4.70589.
We have presented a detailed study of the induced pseudo-scalar form factor F P (q 2 ), which is less well-known experimentally. It is observed that the q 2 -dependence of F P (q 2 ) exhibits the strong quark-mass dependence in the low q 2 region. This is associated with the pion-pole contribution. Indeed, we confirm that the measured value of F P (q 2 ) is well described by the pion-pole dominance (PPD) form
) with a multiplicative factor α PPD (< 1). With the help of such the PPD-like form, we can evaluate the induced pseudo-scalar coupling as (g P ) ren = 8.15 ± 0.54(stat) ± 0.16(norm). This value is to be compared with the most recent experimental value of 7.3 ± 1.1 from the MuCap experiment. Furthermore, we evaluated the pion-nucleon coupling g πN N from the residue of the pion pole in the induced pseudo-scalar form factor and found g πN N = 10.4 ± 1.0(stat).
We have also studied the axial Ward-Takahashi identity in terms of the nucleon matrix elements, which may be referred to as the generalized Goldberger-Treiman relation. For this purpose, we also calculated the pseudo-scalar matrix element, which is described by the single form factor called as the pseudo-scalar form factor G P (q 2 ). We have found that the measured q 2 -dependence of G P (q 2 ) is quite consistent with an expected behavior associated with F A (q 2 ) and F P (q 2 ) in consequence of the axial Ward-Takahashi identity, or the generalized Goldberger-Treiman relation. This fact ensures that the PPD form provides a good description of the q 2 -dependence of G P (q 2 ) as well. In the case of large but finite fifth dimension, the axial Ward-Takahashi identity for domain wall fermions can be slightly modified by introducing an additive shift of the quark mass due to the presence of the midpoint contribution to the divergence of the axial-vector current. Such an additive constant shift known as the residual quark mass is usually measured through mesonic two-point correlation functions. In an earlier calculation, the residual quark mass is observed much smaller than the lightest quark mass utilized here [20] . However, our observed quark mass shift m shift , which is required for satisfaction of the generalized Goldberger-Treiman relation, is close to 50% of our lightest quark mass and an order of magnitude larger than the residual mass quoted in Ref. [20] . This issue may be connected with the correct chiral behavior of the nucleon matrix elements. In the quenched approximation, there may be unknown quenching effects in nucleon matrix elements in the vicinity of the chiral limit. In this context, the above issue is beyond the scope of this quenched study. Rather, dynamical simulations are much preferable to investigate it further. The RBC and UKQCD Collaborations have begun N f = 2 + 1 flavor domain wall fermion calculations with large physical volume V ≈ (2.7 fm) 3 and the lightest ud quark mass down to 1/7 the strange quark mass (m π ≈ 330 MeV) [52] . We plan to develop the present calculation for a precise determination of nucleon form factors and also to address all of unsolved issues described in this paper. Such planning is now underway [53] .
Note added: After the completion of this work, we became aware of a paper [7] where the nucleon axial-vector form factor F A (q 2 ) and induced pseudo-scalar form factor F P (q 2 ) are calculated in quenched and unquenched lattice QCD using Wilson fermions.
Acknowledgments
It is a pleasure to acknowledge S. Choi for his private communication providing actual values of the form factor F P (q 2 ) in his experiment. We would like to thank our colleagues in the RBC collaboration and especially T. Blum for helpful suggestions and his careful reading of the manuscript, and H.-W. Lin and S. Ohta for fruitful discussions. We also thank RIKEN, Brookhaven National Laboratory and the U. In Table I , the electric charge and magnetization radii for the proton and neutron are summarized. Using these experimental values, the iso-vector electric charge and iso-vector magnetization radii can be evaluated by the following relations [4, 8] 
where (14) fm. Similarly, the rms radii for the iso-vector Dirac form factor
can be given through the following relations [4, 8] :
which yield (r v 1 ) 2 = 0.797(4) fm and (r v 2 ) 2 = 0.879(18) fm.
Appendix B: Generalized Goldberger-Treiman relation and pion-pole dominance
The generalized Goldberger-Treiman relation is derived from the nucleon matrix elements of the currents on both sides of the axial Ward-Takahashi identity [24] ;
a (x) where the exact iso-spin symmetry is considered asm = m u = m d . The nucleon matrix element of the divergence of the axial-vector current is represented in the following form:
Here, it is worth mentioning that we have used the Dirac equation for the nucleon,ū N (p)(ip /+M N ) = (ip /+M N )u N (p) = 0 to get from the first line to the second line. Then one easily finds that the q 2 -dependences of three form factors are constrained by the following relation
which is a consequence of the axial Ward-Takahashi identity. This expression may be referred to as the generalized Goldberger-Treiman relation [24] .
Here we discuss the case where the limitsm → 0 and q 2 → 0 are taken on Eq.(72). Of course, the left-hand side (l.h.s.) of Eq.(72) yields a non-zero value in the double limit. First, we consider the case where the chiral limit is first taken before the limit of q 2 → 0.
which requires the massless pion pole in F P (q 2 ) in the chiral limit [35] as limm →0 F P (q 2 ) ∝ 1 q 2 for non-vanishing of the l.h.s. of Eq. (73). Secondly, the chiral limit is taken after the limit of q 2 → 0:
which requires the 1/m singularity in
for non-vanishing of the l.h.s. of Eq. (74). As a result, F P (q 2 ) and G P (q 2 ) must have the pion-pole structure which should become dominant at low q 2 [35] . Therefore, one can deduce that F P (q 2 ) and G P (q 2 ) are described by the following forms, at least, in the vicinity of the pole position q 2 = −m 2 π [35, 49] .
which we call the pion-pole dominance (PPD) forms. Consequently, we realize that the ratio of G PPD P (q 2 ) and F PPD P (q 2 ) gives the low-energy constant B 0 as
where m 2 π = 2mB 0 .
M 5 , has the opposite sign relative to that in the Minkowski convention ( γ M = i γ and γ M 0 = γt) adopted in the particle data group [22] . [56] One might worry about the large scaling violation, which is observed for the axial-vector coupling gA in a quenched calculation with overlap fermions at the same lattice spacing [38] . However, the previous quenched DWF studies reported that there is no appreciate scaling violation in the kaon B-parameter BK [39] and proton decay matrix elements [40] at β = 0.87 (a ≈ 0.15 fm) and 1.04 (a ≈ 0.10 fm). We may deduce that no large scaling violation is ensured for other matrix elements as well in our DWF calculations.
[57] We treat our data sets as 70 independent measurements after taking average of the multiple source results on each configuration.
[58] It is worth mentioning that such consistency is not observed at L = 16, since the lowest q 2 point at L = 16 may suffer from the finite volume effect as we will describe in Sec. V.
[59] Here we use a traditional convention as Fπ = fπ/ √ 2 ∼ 93MeV, while fπ is quoted in Ref. [20] .
[60] Strictly speaking, the relativistic dispersion relation (18) , which ensures that (ip / + MN )u N (p) = 0, should be well satisfied in simulations.
[61] In Ref. [7] , the similar deviation from unity as α AWT > 1 can be read off from their Fig. 19 where an inverse of α AWT is given in the limit of q 2 → 0.
[62] Detailed knowledge about the q 2 -dependence of the weak form factors in neutron beta decay is required for our lattice study of flavor SU (3) breaking effects in hyperon beta decays [50] . and their ratio g ren A = (gV /gA) lattice . Gausssmeared-to-gauss-smeared quark propagators are used in the present study, while box-to-local quark propagators were used in the previous calculation [15] . L = 16 results in the present calculations agree well with the previous L = 16 results. (47)], and their extrapolated values to the chiral limit and the physical point. a g πNN was evaluated at q 2 = 0 in Ref. [7] , while our g πNN is defined at the pion pole, q 2 = −m 2 π with the physical pion mass. b The chiral extrapolated values are not available in Ref [7] . Therefore, we performed correlated fits with their measured data to evaluate them.
c Although F P (q 2 ) was calculated in Ref. [7] , the value of the induced pseudo-scalar coupling was not evaluated. The quoted value is estimated by us as described in the text. [5] . Results for all four form factors at low q 2 are consistent with each other. This suggest that unquenching effects on these form factors are still small for mπ > ∼ 0.35 GeV.
